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ABSTRACT  (S) 

theoretical  analysis  is  made  of  a  ^Jash-/4ot  J^nsing  System  con¬ 
taining  photosensitive  elements.  For  such  a  system  to  be  highly 
effective  the  trajectory  of  a  targe+  missile  must  be  known  with  a 
considerable  degree  of  accuracy.  Several  methods  for  determining  the 
trajectory  are  analyzed.  Special  cases  of  these  methods  are  used  to 
obtain  simple  formulas,  to  be  solved  by  an  electronic  computer,  for 
the  firing-time  Tf  and  the  firing-position  Y^  of  shaped -charges,  the 


Jets  of  which  render  the  target  nonlethal.  An  error  analysis  is  made, 
which,  in  effect,  extends  the  analysis  from  an  ideal  to  an  actual 
sensing  system.  Resolving  ability  of  the  system  it  discussed.  Various 
crranger-sent.-i  of  the  .  yc.tcr.  to  provide  special  protective  features 
are  considered. 


\ 


INTRODUCTION 


For  the  automatic  defense  of  armored  fortifications,  vehicles, 
and  vessels,  such  as  bunkers,  tanks,  landing  craft,  etc.,  of  which 
the  armor  provided  is  not  sufficient  to  resist  the  lethal  power  of  a 
range  of  target  missiles,  a  Dash-Dot  Sensing  System  has  been  proposed. 
Throughout  the  report,  when  the  word  "target"  is  used  it  will  refer  to 
the  missile  that  is  to  be  intercepted.  In  general,  thiB  system  consists 
of  an  arrangement  of  photosensitive  elements  or  photo -detectors  and 
shaped- charges  together  with  an  electronic  computer.  Regarding  the 
activation  of  the  detectors,  the  system  may  be  active  or  passive  as 
suits  the  intended  use.  The  active  system  is  one  in  which  the  regions 
observed  by  the  detectors  are  illuminated  by  light  sources  contained 
within  the  system.  In  the  passive  system,  the  illumination  is  provided 
by  external  sources,  e.g.,  the  sun,  atmospheric  scattering  of  sunlight, 
luminous  targets,  etc. 


To  indicate  the  purpose  of  each  part  of  the  system,  it  is  desirable 
to  consider  the  system  in  operation.  The  target  is  assumed  to  be 
traversing  a  rectilinear  trajectory  at  unifonn  speed.  The  times  of 
passage  of  a  sequence  of  detectors  and  the  positions  of  these  detectors 
are  observed.  This  information  is  transmitted  to  an  electronic  com¬ 
puter.  The  computer  calculates  the  shaped-charge  firing-time  Tf  and 

firing-position  Y^,  so  that  the  shaped-charge  jet  can  render  the  target 
nonlethal . 


The  primary  purpose  of  this  report  is  to  obtain  formulas  for  the 
firing-time  Tf  and  the  firing-position  Yf  of  a  shaped -charge  in  forms 

which  can  be  quickly  solved  by  an  electronic  computer.  A  second  purpose 
is  to  determine  the  simplest  arrangement  of  detectors  that  will  provide 
the  necessary  and  sufficient  information  required  by  the  computer.  A 
third  purpose  is  to  give  groupings  of  these  simple  arrangements  which 
will  provide  special  protective  features.  Experimental  work  on  the 
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Duah-Dot  Soii.i.ai)!  System  Involving  reunite  obtained  in  thin  report, 
has  been  reported  by  L,  Melamed,  H.  W.  fltruub,  R.  R.  Ulrich  in 
DOFL  Report  TR-470,  "A  Sunning  System  lor  Daub-Dot,"  1  Sspt  1957- 

In  thin  theoretical  report,  following  a  deucription  oil'  the 
general  detector  and  -huped- charge  urrangeinentu,  and  the  operation 
of  the  uyofcem,  a  mathematical  anuiyolu  in  Bugle,  deriving  the  uhaped- 
churge  firing-time  'fj.  and  the  l’iring-pouition  7^..  I/ext  an  nnaiyaia 

it  given  lor  speciul  cuaeo  of  the  uyutem.  Following  this  un  error 
unalyniu  io  made  of  the  special  caueu  which,  in  effect,  amounts  to 
an  extenu Ion  of  the  unalyslo  of  an  ideal  uyutem  to  an  actual  one. 
Next  a  uhort  digreuoion  iu  made  concerning  the  reooivlng  ability  of 
tbs  ayut'-m  with  rouped  to  oeveral  miuuileo.  Finally  varlgyu 
group Ingu  of  the  uyutem  to  provi  ie  upeeluf  protective  featureo,  uuch 
au  def-niue  of  eornern,  wiilln  and  nurfaenti  defence  of  the  detector*) 
and  the  ohdpud-ehttx’gca;  und  «Lc . ,  are  eonnlrtered. 
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2.  DESCRIPTION  OF  ARMAMENT  AND  DETECTOR  OF  A 
DASH-DOT  SENSING  SYSTEM 


To  assist  in  describing  the  armament  and  the  detector®. of  a 
'  Dash-Dot  Sensing  System,  which  may  be  used  for.  the  defense  of  forti¬ 

fications,  vehicles, and  vessels,  e.g.,  bunkers,  tarfks,  l®L.iing-craft, 
etc.,  consider  a  schematic  of  such  illustrated  in  Figure  1.  Assume 
that  a  side  of  the  armored  device  is  represented  by.  the  wall  W. 

Making  an  angle  6  with  the  wall  is  a  flat  imaginary  surface  S;  the 
value  of  the  angle  0  is  arbitrary  or  may  depend  on  a  special  arrange¬ 
ment  of  the  system  as  considered  in  section  6.  The  armament  consists 
of  a  row  of  equally  spaced  shaped-charges,  in  a  straight  line,  OY,  sit¬ 
uated  in  the  surface  S.  The  row  which  may  be  attached  to  out-riggers, 
not  shown  in  Figure  1,  is  in  general,  parallel  to  the  wall  W  and  may  be 
some  distance  b  from  it.  The  length  of  the  row  will  depend  upon  the 
amount  of  protection  required;  in  many  cases,  it  may  extend  from  one 
end  of  the  wall  to  the  other  or  beyond.  The  axes  of  the  shaped- 
charges  in  a  row  are  parallel  to  each  other  and  make  an  angle  ^  with 
a  normal  n^.  Tliis  normal  lies  in  a  plane  determined  by  the  axes  of 
the  shaped-charges  and  is  perpendicular  to  the  straight  line  OY,  that 
is  formed  by  the  row.  The  plane,  as  thus  determined,  is  referred  to 
as  the  shaped-charge  or  g-fence,  and  it  makes  an  angle  D  with  a  normal 
to  the  surface  S. 

Attached  to  out-riggers  (not  shown  in  Figure  l)  are  several  rows 
in  the  surface  S  of  equally  spaced  photosensitive  detectors.  These 
rows  sue  parallel  to  that  of  the  shaped -charges.  In  general,  there 
need  be,  at  most,  only  four  rows  of  detectors  located  at  various  dis¬ 
tances  from  the  shaped -charges.  The  distance  of  the  row  farthest  from 

the  shaped-charges  is  designated  as  sD;  the  distance  of  the  next  or 
second  farthest  as  s-^;  for  the  third  row,  and  the  distance  of  the 

fourth  and  nearest  row  as  s*.  Each  detector  is  so  designed  that  it 
views  a  restricted  region  of  space,  e.g.,  a  cylindrical  region  coaxial 
vith  the  axis  of  the  detector.  As  with  the  armament,  the  exes  of 
|  the  detectors  in  each  row  are  parallel  to  each  other  and  make  an  angle 

$  with  a  normal  n  .  'These  normals  lie  in  planes  determined  by  the 
i  axes  of  the  detectors  and  are  perpendicular  to  the  straight  lines  which 

j  are  formed  by  the  rows.  In  the  first  row  ljjn  ■  ljf0;  in  the  second  row, 

j  l{jn  =  etc.  In  general,  the  ijr’s  have  different  values;  restrictions 

j  on  their  values  are  derived  in  section  5;  which  is  devoted  to  the  math- 

I  ematical  analysis.  The  planes . determined  by  the  detector  axes  are 

!  referred  to  as  the  detector  fences,  and  they  make  various  angles  otp  with 

1  the  normal  ri  to  the  surface  S. 
j 

With  respect  to  light  sources,  the  system  may  be  passive  cr  active. 

|  In  the  passive  system,  the  illumination,  the  interception  of  which  gives 

rise  to  electrical  impulses  by  the  detectors,  is  provided  by  sources  ex- 
j  ternal  to  the  system,  such  as  sunlight,  luminous  missiles,  etc.  For 
;  the  active  system,  the  illumination  is  provided  by  the  system.  The 

)  illumination  is  obtained  from  the  most  suitable  arrangement.  This  may 
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be  flood-lighting  of  the, regions  observed  by  the  detectors, 
by  strip-lighting  to  illuminate  only  individual  rows  of  the 
observed  regions,  or  by  illuminating  the  individual  detector 
observation  regions  by  light- sources  concomitant  with  the 
detectors . 

When  operating,  the  system  detects  in  succession  the 
passage  of  the  different  detector  fences  by  a  target  approach¬ 
ing  the  point  P  of  the  wall  V.\  The  time  of  activation  and  the 
position  of  the  detectors  activated  in  each  fence  are  fed  to  e 
computer.  As  shown  in  the  various  figures,  the  trajectory  of 
the  target  is  intersected  by  the  lines  of  observation  of  the 
detectors  in  the  different  rows.  In  actuality,  this  is  an 
ideal,  but  possibly,  rare  situation.  But  for  theoretical  purposes 
it  will  be  assumed  that  whenever  the  target  crosses  a  detector  fence, 
its  longitudinal  position  in  the  fence  is  known,  Just  cs  if  a  detector 
had  been  in  the  correct  position  to  observe  the  passage.  The  fact 
that  a  detector  is  not  correctly  situated  is  considered  in  section 
Upon  receiving  the  information  from  the  detectors  the  computer  pre¬ 
dicts  the  firing-time  and  the  firing-position  of  the  appropriate 
shaped-charges.  Thus  when  the  target  crosses  the  shaped-charge  fence 
B,  it  is  intercepted  by  hi^h-velocity  metal  Jets  from  the  appropriate 
shaped -charges.  This  interception  renders  the  target  nonlethal  to 
the  armored  device. 

In  the  analysis  of  the  Dash-Dot  Sensing  System,  it  is  shown  that 
under  certain  conditions,  the  system  reduces  to  certain  special  cases. 
Three  of  these  cases  are  schematically  illustrated  in  Figures  2a,  2b, 
and  2c.  The  first  of  these  cases.  Figure  2a,  arises  from  assuming 
that  all  target  trajectories  are  parallel  J o  the  surface  S,  that  - 
iPl  =  $2  ~  $4  =  011(1  that  Oq  =  aq  =  fi.  Undur  these  assumptions, 

the  Oj-fence  is  not  needed.  For  the  second  case.  Figure  2b,  all  sim¬ 
ilar  angles  are  made  numerically  equal,  that  is,  $  =  f0  =  =  ' 

-ijjj,  ^  =  iif,  and  OQ  =  0!^  =  ag  =  =  £5.  Under  these  conditions  sD 

can  be  made  equal  to  s^,  and  82  made  equal  to  s^.  With  the  third 
case,  Figure  2c,  $1,  is  taken  equal  to  zero,  while  all  the  other  angles 
remain  the  same  as  in  the  second  case.  In  the  second  und  third  cases, 
the  detectors,  instead  of  consisting  of  two  separate  raws  in  each  fence, 
can  now  be  made  to  consist  of  one  row,  but  with  each  detector  observing 
in  the  two  directions  +ljj  and  -$. 
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3.  MATHEMATICAL  ANALYSIS  OF  A  DASH-DOT  SENSING  SYSTEM 


3.1  Problems  to  be  Solved 

In  this  analysis  of  a  Dash-Dot  Sensing  System,  there  are,  in 
general,  two  problems  to  be  solved.  One  problem  is  to  determine  the 
firing-position  Yf  of  the  appropriate  shaped -charge,  and  the  other  is 

to  determine  the  firing-time  Tf  of  that  charge,  so  that  its  Jet  cay 
intercept  the  target  when  crossing  the  shaped-charge  Jet  or  fJ- fence. 

It  is  desired  to  obtain  the  equations  or  formulas  to  these  two  problems 
in  forms  suitable  for  rapid  solving  by  an  electronic  computer. 

3.2  Idealization  and  Coordinate  System 

The  analysis  of  a  Dash-Dot  Sensing  System  made  in  this  report 
is  based  upon  the  determination  of  two  points  on  the  target  trajectory 
and  the  times  of  passage  of  those  points.  In  analyzing  the  system,  to 
a  first  approximation,  it  is  helpful  to  Idealize  lie  detector  ar:d  the 
armament  sections.  Ifcis  is  done  by  assuming  that  the  thicknessi j  of  the 
fences  determined  by  the  shaped-charge  Jets  and  by  the  fields  of  v' “v 
of  the  detectors  are  infinitesimally  thin  and  thus  can  be  represented 
by  geometric  planes.  In  this  connection,  it  is  also  being  assumed 
that  there  is  in  each  detector  fence  a  detector  observing  the  passage, 
and  in  the  P -fence  a  properly  situated  shaped- charge .  Actually  this 
is  not  the  case,  the  detectors  and  shaped-charge b  being  fixed  in  position 
and  having  a  finite  spacing.  This  situation  13  considered  in  section  4. 
Referring  to  Figure  1,  the  plane  determined  by  the  outermost  row  of 
detectors  will  be  designated  as  the  aQ-fence,  the  next  outermost  row  as 

the  c^-fence,  the  third  row  as  the  n^-fence,  the  fourth  row  as  the  de¬ 
fence,  and  that  plane  determined  by  the  shaped-charge  Jets  as  the  3-fence. 
To  further  aid  in  the  analysis,  a  Cartesian  coordinate  system  is  con¬ 
structed  in  which  the  origin  lies  at  one  end  of  the  raw  of  shaped -charges. 
The  positive  y-axis  lies  along  the  row  of  shaped -charges  and  intersects 
their  axes,  lue  positive  x-axis  is  perpendicular  to  the  y-axis  and 
extends  in  the  direction  of  the  detector  fences.  The  z-axis  is  perpendi¬ 
cular  to  the  xy-piane,  and  the  positive  direction  is  on  that  side  of  the 
xy-piane  away  from  which  the  detectors  and  the  shaped-charge  Jets  are 
directed. 


3.3  Basic  Equations 

Since  the  target  is  assumed  to  be  traversing  a  rectilinear 
trajectory  at  uniform  speed,  then  the  trajectory  is  appropriately 
described  by  the  equation  of  a  straight  line.  For  the  equation  of  the 
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line,  it  will  prove  convenient  to  use  the  parametric  form.  If 
and  v  are  taken  as  the  direction  cosines  of  the  straight  line 
with  respect  to  the  x-,  y-  and  z-  axes,  respectively,  then  the 
parametric  form  of  the  equation  is: 

,  x  -  x'  y  -  y‘  z  -  z*  /,  ■* 

x  =  __ — ,h«y-"si — >  (1) 

where  D,  the  parameter,  is  the  distance  from  the  point  P1  =  (x'^y'jz') 
to  the  point  P*  (x,y,z),  and 

X2+^2+v2  =  l.  (2) 

The  distance  D  may  ue  given,  for  completeness,  in  the  two  forms: 

2  2  2  1/2 

d  =  +  [(x  -  X')  +  (y  -  y’r  +  (*  -  z'rj  (3) 


D=Vm(t-f).  (4) 

The  second  form  expresses  the  fact  that  the  missile  is  moving  with 
uniform  speed,  where  is  the  speed. 

In  addition  to  the  equations  associated  with  the  trajectory, 
there  are  also  needed  the  equations  of  the  planes  formed  by  the 
idealized  detector  and  shaped- charge  Jet  fences.  These  equations  are: 


x  =  s  +  z  tan  a  , 
o  o  o  o 


aQ  -  fence, 


x  -  s  +  z  tan  , 


-  fence. 


x2  =  sg  +  z2  tan  a2  , 


o<>  -  fence, 


x3  =  s3  +  z3  a3' 


■  fence, 


x4  =  z4  tan  p. 


p  -  fence. 


The  appropriate  fence  or  plane  for  each  equation  is  illustrated  in 
Figure  1. 
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Should,  the  axes  of  the  detectors  and  the  shaped -charges  in 
the  different  fences  he  set  at  various  angles  f  to  the  xz-plane,  then 
the  following  auxiliary  equations  are  required: 


yo 

yl 

y2 

y3 


+ 


tan 

z  - — 

o  cos  a 

o 


tan 

y, 11  +  z,  — . — *'■ 

1  1  COS  01 

tan  +  „ 

y  "  +  i  - - 

2  2  cos  a,. 


tan  Hr- 
+  z3  coe 

tan  +  4 
+  Z4  cos  p 


(6) 


The  general  form  of  these  equations,  derived  in  the  appendix, 
is  given  there  by  equation  (23).  In  these  equations,  the  y"'s  are  the 
y-coordinates  of  the  detectors  and  the  shaped- charges. 


... 

3.4  Determination  of  the  Shaped-Charge  Firing-Position 

The  firing-position  Y.  of  a  shaped-charge  iB  the  y-  coordinate 
that  a  shaped-charge  nust  have  if  itB  jet  is  to  intercept  a  target  crossing 
the  P-fence.  This  coordinate  y^  is  given  by  the  last  equation  of 
equations  (6): 

tan  *4 

Yf  =_  y4  3  y4  "  Z4  cos  p  *  (7) 

where  yA  end  zA  are  the  y-  and  z-  coordinates  of  the  position  of  passage 

4  4 

of  the  P-fence  by  the  target.  To  obtain  y^  and  z^,  equations  (1)  are 
employed,  using  two  known  points  =  (x^,  y^,  z^)  and 
P3  ~  (X3>  Zj)  on  the  trajectory.  These  equations  give 
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Z3  “  *1 


Z4  '  Z1 


where,  from  equations  (5), 
x4  =  z4  tan  p. 

From  the  first  two  equations  of  equation  (8),  there  is  obtained 


X3  -  X1  D13 

from  the  second  two  equations, 

(11) 

y3  yl  U13 

Upon  equating  the  left  members  of  equations  (10)  and  (11)  and  solving 
for  y4,  there'-results 


y4  -  yi  +  7  "  (y3  *  yi)« 

3  1 


In  a  similar  way,  making  use  of  the  first  two  and  the  last  two  equations 
of  equation  (8),  there- is  obtained  a  relationship  among  the  x’s  and  z’s. 
Then  making  the  substitution  for  x4  from  equation  (9)  and  solving  for  z , 

there  is  obtained 


h  (x3  '  Xl)  '  Xl(z3  *  zl> 


kX3  "  xi^ 


:*3  -  zx)  tan  p 


The  substitution  of  the  values  of  y4  and  z 4  as  given  by  equations  (12) 

and  (13)  into  equation  (7)  gives  the  firing-position  Yf  of  the  appropriate 
shaped- charge.  The  expression  for  Y^  in  terms  of  the  coordinates  of  the 

two  determined  points  on  the  trajectory  will  not  be  written  out,  since, 
as  can  be  readily  shown,  it  is  quite  lengthy. 

3.4.1  Derivation  of  the  Coordinates  of  the  Trajectory  Points 

The  coordinates  of  two  points  of  the  trajectory, 

?1  =  (x  ,  y1,  zx)  and  =  (x3,  y^,  z^),  are  derived  in  the  appendix  for 

three  different  methods  for  determining  the  target  trajectory.  These 


16  SECRET 

This  Ooeamnnt  contain!  Information  aftaotlnf  tha  national  dafanoo  of  tha  Unhad  SMn  tha  maafilM  of  tha  Qtalanaao  lawa,  ttta. 

1«  U.  t.  C„  79)  and  794-  it*  Vafttmlaalan  artha  rrroittJcn  of  let  oantanta  In  any  maMor  K yaaothortaad  porton  lo  aroMMiaa  hr  law! 


SECRET 


methods  require,  In  general,  the  use  of  four  detector  fences.  These 
different  methods  will  be  referred  to  as  the  First  Method  or  Method  I, 
me  Second  Method  or  Method  II,  and  the  Third  Method  or  Method  III. 

3. 4. 1.1  First  Method  for  Determining  the  Trajectory 

In  the  first  method  there  are  four  detector 
fences  of  which  two  are  parallel  to  each  other  and  the  other  two  are 
transverse.  The  necessary  and  sufficient  condition,  tan  4,  - 
tan  a  =  0,  for  parallelism  is  illustrated  in  Figure  3.  The  coordinates 
of  th§  first  point  P]  a  (x^  y±t  z J  are 


=  SJL  +  Z1  ^'an  al  ’ 

(14) 

from  equation  (5); 

tan  \|r 

yl  =  yl  +  Z1  cos  ai  ' 

(15) 

from  equation  (23)  of  the  appendix; 

sq  -  s1  (1  +  kj  +  sg  k1 

Z1  “  (1  +  kx)  (tan  o1  -  tan  oq) 

(16) 

from  equation  (11)  of  the  appendix.  The  &-*- 

equation  (20)  of  the  appendix,  and  is 

»  r  A**  V •« 

v  v  jr 

t  -  t 

v  1  0 

(17) 

1  *2  *  *1 

For  the  second  point  a  (*3,  ^3'  tliere  ls  obtained, 

similarly, 

x3  =  eT  +  z3  tan  <13* 

(18) 

tan 

y3  y3  *  Z3  cos  o3  ’ 

(19) 

Sq  *  83(1  +  ^3)  +  s^3 

Z3  (1  +  kj)  (tan  a3  -  tan  aQ) 

(20) 

“d  »,  -  »„ 
k,  =>  *  _  +  • 

(21) 
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As  shown  in  the  appendix,  there  is  no  special 
case,  comparable  to  those  for  the  second  and  third  methods  of  determining 
the  trajectory,  whereby  the  number  of  fences  may  be  reduced  in  number. 

A  special  case,  of  a  sort,  does  arise  if  it  is  assumed  that  all  the 
trajectories  are  parallel  to  the  surface  S,  and  that  all  the  ^  angles 
are  equal  to  zero.  Under  these  assumptions,  there  is  needed  only  three 
planes,  two  parallel  .and  one  transverse,  to  determine  the  trajectory. 

This  means  that  the  z's  are  determined  from  equation  (l6),  the  x's 
from  equation  (5),  and  the  y's  from  equation  (6). 

3. 4. 1.2  ’ Second  Method  for  Determining  the  Trajectory 

For  the  second  method,  there  are,  in  general, 
four  fences  of  which  two  satisfy  the  condition: 


tan  tan  * 

_ *z  _ T  o 

sin  o"  *  sin  a 
2  o 


‘This  condition  is  illustrated  in  Figure  5  and  means  that  the 

projections,  of  the  lines  of  sight  of  the  detectors  in  the  c  -  and  a2-fences, 

on  the  xy-plane  are  parallel.  As  a  result,  the  coordinates  of  the  first 
point  P  =  (x  ,  y  ,  z  )  are 

J.  J.  A.  .i,  tan  yit 


tan  if 


y”  -  (1+up  +  yjq  -  so  +  s1(i.k1) 


tan^  tan  f2 

Bin  Qj  ~  3 2^1  sin  , 


(l+kx) 


udii  y  ^ 

sin  a. 


.i.  \ 

wwui  •  t 


for  equation  (23)  of  the  appendix; 

tan  if 

yi  ■  +  <xi  •  5i>  isrsr  ’ 


from  equation  (24)  of  the  appendix; 


'  51 

Z1  =  tan  * 


from  equations  (5);  and  v  is  given  by  equation  (17).  Similarly,  there 
is  for  =  (x.y  Yy  tj): 
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zi = 


y" 

!yl 


COS  q 

tan  ^ 


(34) 


Inc  coordinates  of  P  become 

o 


S3  + 


y*3  -  ?2 


sin  ct 
tan  f  ' 


Z3  = 


y3  +  y2 


*3  “  y2 


cos  a 

tan 


(35) 

(36) 

(37) 


3 . 4 . 1 . 3  Till rd  Hcthoa  for  Determini. ur,  the  Traje ctory 

For  the  third  i:,echod,  there  ctre,  in  general,  four 
fences  of  which  two  satisfy  the  condition: 

tan  t|r„  tan  * 

_ JZ  _  T  o  a  0 

cos  Og  cos  oq  =  *  (36) 


This  condition  is  illustrated  in  Figure  6  and  means  that  the  projections, 

of  the  xines  of  sight  of  the  detectors  in  the  o  and  a„-  fences,  on  the 

o  c  ’ 

yz -plane  are  parallel.  As  a  result,  the  coordinates  of  the  first  point 
Pl  2  (xi>  yl'  Zl^  are 


=  S-^  +  tan  a^, 
from  equations  (5); 

tan  ^ 

yl  “  yI  +  zi  ' 

from  equations  (6); 

ytl  ^  yl!  ^  X  +  J  +  it  y,( 


(39) 


(40) 


(1+k.) 


(tanyT  tan 


1  \  cos  a.  cos  a 
\  1  o 


y 


(41) 
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from  equation  (37)  of  the  appendix;  and  k^  is  given  by  equation  (17). 
Cimilar.ly,  the  coordinates  of  the  second  point  m  (x^,  Kj)  arc 

x3  “  a3  +  a3  t£ul  a3'  (42) 

tan  ^ 


wl  Ui 


yo  y3  (i 


( 1  +  k,) 


tan  if.,  Uiii 


-•'om  a. 


con  Cl 


(44) 


(4h) 


Ah  with  the  second  method,  the  express  loon 
for  the  coord  1  nates  of  the  two  points  on  the  trajectory  can  be  conul derub  ly 
it  l  up  1 1  ft  til  by  choosing  special  vuluen  Tor  the  tlw:  ratlou,  k^  and.  It,,,  and 

tint  various  angle. t  involved.  In  particular,  l1"  the  vaiueu  given  by 
equal, loan  (30)  are  used,  the  ro.  >rd tauten  of  I*  become 


l  ’  M1  + 


o|  el;  a 


t.H.ll  tjf  ’ 


y  i  *  y0 


yi  "  yol  t-Oi;  O 


t£7Y*  ; 


(40) 


(47) 

(40) 


and  the  coordinates  of  Pv  heron*; 


x.,  -  u.,  + 

U  y-> 


till,  Q 

tsui"  if 


(4*J> 


y-. 


(bO) 
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vM  —  v** 

j_3 _ ^_2 

2 


cob  a 
tan  y 


3.4.2  Determination  of  the  Coordinates  of  the  Point  of 
Passage  of  the  Shaped-Charge  Fence 

To  obtain  tiie  coordinates,  in  the  general  case,  of  the 
point  of  passage  of  the  shaped-charge  fence  by  the  target,  the  genera." 
expressions  for  the  coordinates  of  the  two  points,  and  P^,  are  used. 

The  values  are  used  with  equation  (13)  to  give  z^:  this  value  of  z^  is 

used  in  equation  (9)  to  give  x^  in  terms  of  the  general  coordinates. 

Upon  substituting  this  value  of  and  the  values  of  the  x-  and  y- 

coordinates  of  the  two  points  into  equation  (12),  the  value  of  y^  is 

obtained. 

3.4. 2.1  Point  of  Passage  of  Shaped-Caarge  Fence,  Uslnt 
Special  Case  of  Method  I. 


The  expressions  for  the  coordinates  of  the  point 
of  passage  of  the  shaped-charge  fence  can  be  simplified  considerably  by 
assuming  special  target  trajectories  or  using  special  methods  for  determin- 
ing  the  trajectory.  The  first  method"  for  determining  the  trajectory 
yields  simple  formulas  for  the  coordinates  of  the  point  of  passage  of  the 
p-  or  shaped-charge  fence,  if  the  trajectories  are  assumed  to  be  parallel 
to  the  surface  S,  that  is  parallel  to  the  yz-  plane,  if  !  tj  5  '  t0  = 

and  if  B  »  a„  »  a  •  The  condition  that  the  trajectories  be  parallel  to  the 
do 

xy-  plane  means  that  z  =  z„  »  z,  =  z  .  Under  these  conditions,  it  is  not 

4  X  O 

necessary  to  use  the  Oj-  or  fourth  detector  fence,  for  the  first  three 

fences  give  sufficient  information.  From  equations  (13),  (l6)  and  (17) 
there  is  obtained 


tan  a.  -  tan  a 
1  o 


*2  -  *1 
t2  +  tA 


81  ■  S2 
tan  o,  - 


tan  a 


\  ^ 

t2  +  *1 


end  from  equation  (9)  and  equation  (52), 

(so-3l)tanao  t^  (s^tan^  t^ 


tan  o.  -  tan  o  t„+t, 
1  ocx 


tan  a,  -  tana  t-+t, 
1  ocx 


As  the  fourth  detector  fence  is  now  omitted, 
equation  (12)  can  no  longer  be  used  Bince  x^  and  y^  are  unknown.  By 
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following  the  name  procedure  as  way  uued  to  derive  equation  (12),  but 
Uulng  the  points  Pq  and  P there  in  obtained 


v  _ 

"4 


(v.  •  y  )  . 


'-c  ~  O' 


Upon  making  the  proper  nubutltutlon  from  equations  (5)  and  (S3), 


(U) 


B  i  By 

y4  *  n  -  u  ,  y’2  u  -  a,,  yo' 

o  2  o  2 


) 


3.4. 2. 2  Point  of  Pannage  of  Hhaped-Chargc  Fence, 

llulntr  hucelal  Ciuirv  Method  a  IT  and  Til. 

- a  -JL--  -  .1-  -  -  -  -  -  -  — — — —  tii  — — — 

If 


P  -  a 


<M0 


and  ulnae  the  upeelul  einteu  of  the  ueeond  and  third  methodn  for 
determining  the  trajectory  are  identical,  then  for  theao  two  methixia  the 
coordinates  of  P.  become 


U,  uln  a  y’>y!;  »ln  a  y!i  "  yo 

x4  *  tan  if  i:  {Tij-ii'j) " tun  i/  ?, 


(VO 


v=r 


y3"y2 


yi  +  yo 


vBs 


Uj  cou  a 


4  41  (b  -2ly  J  tlui  f 


y3~yll  _  «3  r-<^ _ kl  -  yj 

2  (  u  ^  o., )  tan  f  '■ 


(M) 

(«0 


3.4.3  Determination  of  hhupa'i'-Chargc  v'lrlng-l'oult.j.pn 
lor  Upeelul  Caoea 

Hie  shaped- charge  flrlng-poaltlor.  Y j,  In  the  general 

case,  1u  obtained  by  aubutltutlng  the  general  valued  of  y^  and  z^  Into 

equation  (7)»  To  obtain  tho  ii  riuK-Pooitiou,  Vu6ii  t trsj cCtori r=s  art5 
parallel  to  the  xy-plane  arid  are  determined  by  the  firut  method,  It  lo 
to  be  noted  that  In  equation  (’I)  If ^  m  0  and  thus  from  equation  (b4) 
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where  t.  ia  the  time  of  pamiuge  of  the  B-  fence  by  the  target; 

4 

r,  ia  the  interval  of  time  required  by  the  Jet  to  traverse  the 
distance  from  the  oha.ped-chu.ige  to  the  target  in  the  p-  fence; 
arid  0  ia  a  time  interval  reprC'Befitifqj,  collectively ,  all  Other 
time  delays  inherent  in  the  oyutem. 

From  equations  ( i.)  and  (4),  there  are roudl  iy  obtained 
the  formulua; 
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for  a  .jpeolui  cane,  The  simple  geometrical  relatlonahlpa  existing 
between  z^,  „ne  z-  coordinate  of  the  point  of  pauouga  of  the  p-  fence, 

and  q  ,  the  distance  between  the  appropriate  iih aped -charge  and  the 

point  of  misBlle  pauimge  In  the  p-  fence,  permltu  the  trann^t-1  .Ime 
X  to  be  ’-aully  obtained.  For  cxuuiple,  considering  Figure  4,  p 
r  ow  taking  the  place  of  the  angle  a , 
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where  p  In  the  dlutance  from  the  xy-plarie  to  the  point  of  pannage, 
by  e  I  Urinating fl,  from  tlieue  two  ty  itlo.uu,  there  Is  obtulned 
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lUnce  the  trumil  t-LJine  T,  by  definition.  In 
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where  V  lt>  the  velocity  of  thy  uhnped-charge  Jet,  then  using  the 
value  of  fro. i-  equation  (70)  in  equation  (VI), 
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*  See  Appendix  for  Figure  4. 
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Thus  the  firing-time  Tf  as  given  by  equation  (£5),  using  equations 
(67)  and  (72)  can  be  determined  in  terms  of  the  positions  sued  the 
time#  of  passage  of  the  detector  fenceB. 

3.5.1  Determination  of  Transit  Time  for  Special  Cases 

For  the  special  case  using  Method  I,  p  =  aQ 
and  if 4  —  0 .  This  gives,  together  vith  the  value  of  z^  from  equation 
(52),  for  the  transit  time, 
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For  the  special  cases,  using  Methods  II  and  III,  £>  =  a*  =  a  =a  . 

o  o 

With  =  if  and  using  the  value  of  from  equation  (58),  equation  (72) 
gives  .  ,  ,1 
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If  \  =  0, 
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3.5.2  Determination  of  Time  of  Passage  of  Shaped-Charge 
Fence  for  Special  Cases 


To  determine  the  time  of  passage  of  the  shaned-charge 
fence  for  the  special  case  of  Method  I,  the  conditions  are  P  =  a2  =  aQ 

ra  f .  =  f  „  =  f  ,  =  f  =0.  Under  these  conditions  equations  (67b) 
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To  obtain  t^  for  the  special  cases  of  Method  II  and 

III,  equations  (57),  (49 ),-*nd,-(46)  «iVe  BqUa_ 

tions  (57)  sued-  (46),  //-r—  1  7 
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and  from  equations  (49)  and  (46), 
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Upon  substituting  the  values  of  these  differences  into  eque^ions 
(67a), 
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Special  Cases 

Upon  substituting  the  value  of  x  from  equation  (73) 

and  the  value  of  t,  from  equation  (75)  into  equation  (66),  theru  is 

4 

obtained,  for  the  special  case  of  Method  I,  for  the  firing-time, 
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For  the  special  cases  of  Methods  II  and  III  there  iB 
obtained,  upon  substituting  the  value  of  T  from  equation  (74a)  and 
the  value  of  t.  from  equation  (78)  into  equation  (66,,  for  the 
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With  the  '-iilue  of  z  from  equation  (74b), 
«,  s. 
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3.U  nummary  ol1  Special  Caseti 

In  ruffliytry,  the  special  etiaeu  co»#irtwd  «re  *.« 

puruiLei  to  the  xy-plhnc  when  using  Method  I,  and  a  aystea  con»i»ting 
<>f  tun  detector  tenues  and  one  shaped- churge  .Jet  fence  when  using 
Method  a  II  ajid  III. 


Bpeeial  Case  1:  In  thiu  ease  there  are  three  detector 
fences  of  which  two  ore  parallel  t.o  each  other  and  the  third  la 
tranuvereely  placed  with  respect  to  the  two.  All  the  f  angles  of 
t.he  detectors  ar«  zero,  that  In  lint's  of  bight  of  the  detector#  lri 
each  row  are  perpendicular  to  that  row.  Aluo  the  f  angles  of  cite 
shaped- charge  Jet  uxett  are  zero,  and  {5  a  a  ,  »  a^.  Tlte  missile 

trajectories  are  assumed  to  be  parallel  to  the  ourfacc  U  or  the 
xy- plane.  Under  the  no  con'.1  It  lorn;,  the  fl  rlng-poni  t.ion  In 
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UperluL  (.!u|ic  t  la  Illustrated  In  figure  lilt. 
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Methods 


Upecl'ii  Case  II;  In  thlu  cabe,  which  lu 
11  and  Hi,  there  are  two  detector  fences 
Jet  fsiiiie,  all  the  fences  1 :  t*  1 ;  ;g  set  at  the 


derived  from 
and  one  shaped- 

ouwiu  lixiurifc.  ft  u  l  I h 
*r>~  —  "  ■*  v** 


respect  t.o  the  normal  to  the  xy-plune.  In  cadi  detector  fence  each 
detector  observes  In  two  directions  —  the  angle  of  one  direction 
In  if  and  that  of  the  other  lu  -  f  ,  There  are  two  arrangements  of 
the  shaped- charge  Jets.  In  one  the  axes  of  the  ahupecl- charges  make 
an  angle  i  if-  with  the  normal  to  the  uhu;  'id -charge  row.  In  the  other 
the  angle  f  is  equuL  to  zero.  I'or  f  -  f  ;  =  and  o 

if,  the  firing-position,  from  equation  (1)4),  is 
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(85-64) 
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for  the  firing-time,  from  equation  (80tt), 
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Thiu  upeelal  cauc  of  Methodo  II  and  III  la  liiuutrated  In  figure  to. 
Iff.  -  0,  then,  from  equution  (Oh), 
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Tli  la  npeclul  oauc  of  Method's  II  (mil  III  '  *i  l  l  iu  at  rated  In  figure  2a. 
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k.  ERROR  ANALYSIS 

4.1  Approximating  the  Operation  of  an  Actual  System. 

The  operation  of  an  actual  system  may  be  approximated  by 
analyzing  an  Ideal  system  incorporating  errors.  These  errors  arise 
from  those  inherent  in  the  computer  and  in  variations  in  the  data 
fed  to  the  computer.  Regarding  these  errors,  it  will  be  assumed 
that  those  inherent  in  the  computer  have  the  same  weight  as  those 
due  to  variations  of  the  coordinates  of  the  points  of  passage  of  the 
fences  by  the  target.  Thus  variations  in  all  terms  containing  the 
factor  l/vc  will  be  considered  as  being  negligible;  also  it  will  be 
assumed  that  all  determinations  of  times  of  passage  are  very  precise 
and  any  variations  in  time  are  due  to  variations  of  the  coordinates 
of  the  points  cf  passage  of  the  fences. 


Under  these  as sump  tiers  and  if  in  case  II,  and  t*,  are 
changed  to  t0  and  respectively,  and  if  8]_  and  Sj  sure  changed  to 
Sq  and  s^  respectively,  then  daso  I  and  case  II  become,  from  an  error 
viewpoint,  identical.  Consequently  only  ct.se  I  will  be  analyzed  in 
detail.  The  error  in  firing-position  Yf,  due  to  small  variations  of 
the  various  parameters,  is  given  by  the  total  differential  of  Yf 
(equation  (8l)).  As  can  be  shown 
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=  IJ^O1 
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(87) 


where  IdYJ  is  the  maximum  absolute  error  in  the  firing -position  Yfj 

| -  YqI  Is  absolute  value  of  the  difference  of  the  ideal  coordinates 

of  the  positions  of  passage  in  the  two  fences;  a  is  the  ratio  of  the 
distance  6g  of  the  second  fence  and  the  distance  Sq  of  the  first  fence 
from  the  shaped -charges;  and  |dy|  is  the  absolute  value  of  the  variations 
of  the  ideal  coordinates  of  the  points  of  passage.  The  maximum  absolute 
values  of  dso  and  ds2  are  assumed  equal  to  each  other;  the  same  assump¬ 
tion  is  made  also  with  respect  to  dyg  and  dy2- 


Instead  of  determining  errors  in  the  firing-time  Tf,  it  is 
preferable  to  determine  those  in  ti*.,  the  time  of  passage  of  the  shaped- 
charge  fence,  since  variations  in  those  terras  containing  the  factor  l/Vc 
are  assumed  to  be  negligible.  Thus  there  is  obtained  for  the  error  in  the 
time  of  passage  of  the  shaped-charge  Jet  fence, 


max 
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In  this  formula,  a  and  jds/s0|  have  the  same  meanings  as  in  equation 
(87).  If  the  errors  in  the  computer  can  be  neglected,  then  the  value  of 
jdtjJ^ax  ac  given  by  equation  (88)  will  be  reduced  one-half. 
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Figures  7  and  8  are  graphs  which  may  be  used  to  readily 
-evaluate  equation  (87).  These  graphs  were  .constructed  by  separat¬ 
ing  equation  (87;  into  two  parts.  Figure  7  gives  |dYf/y2-yo!  as  a 

function  of  a  with  |ds/so|  considered  as  u  parameter  and  |dy|  =  0. 
Figure  8  gives  |dYf/dy|  as  a  function  of  a  with  |ds/sc|  =  0.  Figure 

9  illustrates  equation  (88),  where  Jdtj^/t^l  is  plotted  against  a. 

It  is  to  be  noted  that  equations  (87)  and  (88)  t  Jce  into 
consideration  errors  arising  due  to  the  target  being  detected  before 
after  the  ideal  fence,  and  to  either  side  of  a  detector.  If,  as 
probably  is  the  actual  case,  the  errors  in  passage, can  be  biased  to 
the  entering  side  of  the  fences  and  if  an  averaging  circuit  is  used  to 
determine  the  lateral  points  of  passage,  then  errors  in  t^  and  in  Yj> 
can  be  reduced  considerably. 

4.2  ExampI  of  Errors 

As  an  example  in  the  use  of  these  graphs,  consider  a  target 
having  a  velocity  of  6  x  10^  cm/sec;  take  a  =  82/so  =  0.30;  take 
|ds/so|  =  0.010,  |dy|  =  5cm,  |yj  -  y^|  =  300  cm;  and  t^  =  8  j  x  10"5 
sec.  From  Figure  7,  there  is  obtained 


ly.-y-,  1 1 
>  *  “ 


=  14  x  10' 


the  subscript  '-1  referring  to  the  first  part  of  the  error  in  dYp  and  2 
referring  to  the  second  part. 

Since  |y^  -  y^j  =  JOO  cm,  then  J d.Y^ ) ^  =  4.2  cm.  Frcra  Figure 
8,  for  a  =0-30,  IdY^/dylg  =  1.84.  Since  |dyj  =  5  cm,  then  I^Y^Ig  = 
9-2  cm.  Upon  combining  the  two  parts,  there  is  obtained 

|drf|maxl4If  h  *  !dYfl2  ’  1 

giving  |dYfJmax  =  13.4  cm  or  dYf  jaax  =  ±  13-4  cm. 

With  respect  to  the  time  of  passac*  ,  Figure  9  i*  used.  Foi 

a  =  0.30  and  | ds/ sQ J  =  0.010,  1  dt^/t^ 'max  ~  ^  x  10  •  Since  t^  = 

8.5  x  10"^  sec,  then  ]dt.  |  =  3-1^5  x  10  ^sec. 

»  niox 

Let  D  be  the  distance  along  the  target  trajectory;  then  since 

dD  =  V  dt,  ( 

m  4 

=  (6  x  10  **)  x  (3-145  x  10  ^), 
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I dD ljBax  -  18.87  cm 

dD_„  *  ±  18.87  cm 

UMA 


IT  f'e  errors  inherent  in  the  computer  can  be  neglected,  then 

dD  =  t  ca. 

mux 


If,  an  hen  heen  noted,  the  errors  In  points  of  passage  can  be  biuucd 
and  averaged,  then  the  errors  In  Yj.,  and  D  cant  be  reduced  con¬ 
siderably. 
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V.  RBSOLVIt.j  ABILITY  OF' A  DASH-POT  SENSING  SYSTEM 


To  make  a  Dash-Dot  Sensing  System  highly  effective,  it  must  have 
the  ability  to  distinguish  several  targets  passing,  at  most,  the 
fences  simultaneously  but  having  different  positions  of  passage.  This 
ability  is  defined  a*  the  resolving  ability  of  the  system.  ;  The  sys¬ 
tem  analyzed  in  this  report  does  not  have  this  ability.'.  A  system 
having  at  least  a  simple  resolving  ability,  i.e.,  distinguishing  two 
targets,  would,  no  doubt  require  more  fences  and  a  complicated  computer. 

Although  the  present  system  does  not  have  lateral  resolving  ability, 
it  has  a  certain  amount  of  time  resolving  ability.  Thus  if  the  maximum 
time  of  transit  from  the  first  detector  to  the  shaped-charge  Jet  fence  is 
T)4  and  the  reset  time  of  the  computer  is  Tr,  then  the  resolving  time  TR 
is 


+■  T 


r 


Equation  (95)  means  that  if  two  targets  are  separated  in  time,  that  is 
one  following  the  other  by  the  interval  TR  then  the  Dash-Dot  Sensing 
System  can  discern  them  as  separate  targets,  with  the  computer  effectively 
performing  the  necessary  computations. 
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6.  SPECIAL  ARRANGEMENTS  OF  DASH -DOT  SKH3IM)  SYSTEM 

Pesides  serving  as  a  means  to  protect  a  well  from  damage,  various 
arrangements  of  one  or  more  Dash-Dot  Sensing  Systems  can  be  used  to 
minimize  or  eliminate  damage  to  the  systems  themselves  and  to  corners 
of  fortifications,  vehicles  and  vessels.  Figure  10  illustrates  an 
arrangement  of  Dash-Dot  Sensing  Systems  to  provide  protection  to  the 
corner  of  a  structure.  In  this  arrangement,  the  two  systems  over¬ 
lap  each  other  at  the  comer.  Thus  a  target  approaching  the  corner 
will  be  intercepted  by  at  least  one  of  the  systems . 

A  Dash-Dot  Sensing  System  using  out-riggers  to  support  the  fences 
is  vulnerable  to  possible  direct  hits  and  also,  if  used  on  vehicles,  to 
collisions  with  protruding  objects  such  as  trees,  tree  stumps,  boulders, 
barriers,  etc.  To  eliminate  these  possibilities  and  render  at  least 
only  part  of  the  system  vulnerable,  an  arrangement  with  respect  to  a 
wall  is  shown  in  Figure  11.  Here  the  system  is  flush  mounted  on  the 
wall  or  embedded  in  the  wall.  This  arrangement  still  leaves  the 
various  parts  of  the  system  separately  vulnerable.  To  provide,  more 
or  less,  complete  protection  for  such  a  system,  two  such  systems  could 
be  arranged  ps  shown  in  Figure  12.  Here  the  two  systems  not  only 
protect  the  wall ,  but  also  provide  protection  to  each  other  from  a 
directly  approaciJng  target. 

t 

It  is  to  be  observed  that  of  the  vario-t.  armament  and  detector 
afrangeiuehCt.  c*f  a  Dash-Dot  Sensing  System,  an  arrangement  as  illustrated  in 
Figure  «2a  is  more  effective  in  protecting  a*  wall  than  such  arrangements  as 
illustrated  in  Figures  2b  and  ?c.'  This  is  so  since  the  system  eg 
Figure  2a  can  determine  the  positions* of  a  target  up  to  the  ends  of  the  * 
fences,  whereas  the  systems  in  Figures  2b  and  2c  can  not  do  so.  In 
Figures  2b  and  2c,  if  a  target  passes  near  the  end  of  a  fence  it  is  seen 
that  only  part  of  the  detectors  observe  the  passage.  To  determine  the 
point  of  passage,  the  equations  for  the  point  require  the  observation 
from  two  directions. 
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3.  APPENDIX 

8.1  Determination  of  the  Target  Trajectory 

The  determination  of  a  target  trajectory  by  a  Dash-Dot 
Sensing  System  is  based  upon  using,  at  most,  four  fences  formed  by  the 
spaces  observed  by  four  rows  of  photosensitive  detectors.  In  this 
appendix,  the  fences  will  be  Idealized,  that  is  assumed  to  have 
infinitesimal  thicknesses,  and  referred  to  as  planes.  If  there  exist 
relationships  among  the  coordinates  of  each  position  of  passage  of  the 
planes,  then  in  general,  there  sure  three  methods  by  which  the  tra¬ 
jectory  may  be  determined.  The  three  methods  resolve  themselves  upon 
he  fact  that  in  each  method  the  projections  on  a  given  coordinate 
Tlane  of  the  directions  of  observation  of  the  detectors  in  two  of  the 
planes  are  parallel. 

5.2  First  Method  for  Determining  the  Trajectory 

The  basis  of  the? first  method  for  determining  the  target 
trajectory  is  the  relationship  existing  between  the  x-  and  z-coordinates 
of  each  position  of  passage  of  the  planes.  The  first  method  may  be 
summarized  in  the  following  theorem: 

Theorem  I:  A  target  '.s  traversing  a  rectilinear  trajectory  with 
uniform  speed.  The  y-coordinates  of  the  positions  of  the  activated 
detectors  in  the  planes  and  the  times  of  passage  of  the  planes  of  a  set 
of  planes  are  observed.  All  the  planes  of  the  set  ere  parallel  to  the 
y- -axis.  To  determine  the  trajectory  of  the  target,  it  is  in  general 

necessary  and  sufficient  to  have  the  set  of  planes  composed  of,  at  most, 
four,  noncoincident  planes  of  which  two  are  parallel  to  each  other  and 
the  remaining  two  are  transverse. 

This  theorem  is  a  special  case  of  the  system  as  illustrated  in 
Figure  1,  in  which  any  two  of  the  detector  fences  or  planes  are  made  par¬ 
allel  to  each  other,  e.g.,  Oq  =  Oq.  The  necessary  and  sufficient  condi¬ 
tion  is  illustrated  in  Figure  3.  Since  the  trajectory  is  by  assumption 
a  straight  line  along  which  the  missile  is  moving  at  uniform  speed, 
then  the  theorem  is  thus  equivalent  to  the  determination  of  a  straight  line 
along  which  distances  are  proportional  to  the  time  required  by  the  target 
(point  target)  to  traverse  those  distances.  Before  -'roving  the  theorem, 
the  following  lemma  will  be  proved: 

Lemma  I:  Three,  noncoincident  planes,  parallel  to  the  y-axis  with 
one  of  the  planes  being  transverse  to  the  other  two,  divide  a  transverse 
line  into  a  given  ratio.  For  the  x-  and  z-coordinates  of  the  point  of 
intersection  of  the  line  and  the  transverse  plane  to  be  independent  of  the 
points  of  intersection  of  the  line  and  the  other  two  planes,  it  is  necessary 
and  sufficient  for  the  two  planes  to  be  parallel  to  each  other. 
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Proof  of  Lemma  I:  (Refer  to  Figure  13).  Let  the  parametric 
equations  of  the  straight  lino  be 


x  -  x 
D 


'  y  -  y' 
-*  »  "  JD  ' 


z  -  z ' 

D  ’ 


where  X,  \i,  and  v  are  the  direction  cosines  of  the  line  with  reference 
to  the  x,  y/  and  z  axes,  respectively.  Without  loss  of  generality, 
the  equations  of  the  three  planes  may  be  taken  as 


+  z0  tan  Qq 

-plane 

+  z^  tan 

-plane 

+  z2  tan  ag 

-plane 

where  ^  aQ,  4  ^  B0  4  B2’  ^ut  8i  *8  unreBtricted.  Let  the 

distance  along  the  line  from  the  point  *  (x^,  y^,  z^),  the  point  of 
intersection  of  the  line  and  the  first  plane,  to  the  point  P^  ~  (x^, 
y1 ,  zn),  the  point  of  intersection  of  the  line  and  the  second  plane,  be  D 
similarly,  let  the  distaace  from ■  -B1  to.  ?0  a  (x2,  y2,  z?) ,  the  point 
of  intersection  of  the  line  and  the  third  plane,  be  D^2>  Then 


D  * 

12 

where  k  is  the  given  ratio. 

Using  the  first  two  points  on  th*  ' Ine,  given  by  the  first  two 
equations  of  equations  (2),  the  first  of  equations  (l)  may  be  written 


\  +  z1  tan  -  (t»Q  +  zQ  tan  c^) 


and  with  the  second  and  third  points,  given  by  the  second  and  third 
equations  of  equations  (2), 
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S2  +  z2  tan  ’  ^81  +  Z1  tan 


12 


With  the  third  of  equations  (l) ,  there  is"  obtained 


and 


(6) 


(7) 


Equating  the  right  members  of  equations  (4)  and  (5)  and  using  the 
relationship  expressed  in  equation  (3)>  then 


s1  +  z1  tan  -  (s0  +  Zq  tan  aQ) 
s g  +  zg  tan  0^  -  ( B1  +'.z1  tan  0^) 


(8) 


Equating  the  right  members  of  equations  (6)  and  (l),  using  equations 
( 3 ) ,  and  solving  for  zQ, 


1 1 
V  **■ 


v\  _ 
**  / 


(9) 


Equations  (8)  and  (9)  are  two  independent  relationships  involving 
the  four  variables  zQ,  z^,  Zg  and  k.  In  each  equation,  if  any  three 

of  the  variables  have  given  values,  then  the  fourth  is  determined . 
Considering  the  two  equations  simultaneously,  then  upon  eliminating 
one  of  the  variables,  the  resulting  equation  involves  only  the  remain¬ 
ing  three  variables.  Any  two  of  these  variables  may  be  taken  as  the 
independent  ones  with  the  third  being  the  dependent  variable.  In  what 
follows,  z,  is  taken  as  the  dependent  variable,  and  Zg  and  k  as  the 
independent  ones.  Upon  substituting  the  value  of  zq  from  equation  (9) 
into  equation  (8),  and  solving  for  z^, 

s^-  (1  +  k)  +  Sg  k'  tan  ci^  -  tan 

Z1  ”  (l  +  k)(tan  ot^  -  tan  a^)+  z2  k  (1  +  kj(tan  o^-  tan  a^) 

To  show,  that  it  is  sufficient  to  have  the  tvo  planes  parallel  for  z^ 
to  be  independent  of  Zg  and  consequently  independent  of  Xg,  let  Oh,  =  a q. 

Then  from  equation  (10),  it  is  seen  that 
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sQ  -  s1  (l  +  k)  +  s2  k 
Z1  -  (l  +  k)(tan  -  tan  a^)  ’ 


(11) 


which  doec  not  depend  upon  z^  or  Xg.  Since  x^  is  related  to  z , 
as  shown  hy  the  second  of  equations  ( 2 ),  then  x^  is  likewise  inde¬ 
pendent  of  Xg  and  z Also,  x^  and  z^  are  independent  of  x^  and  zQ, 
since  they  do  not  appear  in  equation  (ll). 

To  show  that  it  is  necessary  to  have  the  two  planes  parallel  if 


x^  and  z^  are  independent  of  Xg  and  z, 
values  of  z 

zx  =  A  +-  B  (tan  a 2  -  tan  CIq) 
z^  =  A  +  B  (tan  -  tan  a^) 

where 

s0  -  s1  (l  +  k)  +  s2  k 
A  =  (T  +  k)(tan  -  ton  a^) 

and 

u _ & _ 

v  x  T  IS,  /  \  UGkU  UL.  —  vou 


,  write  equation  (10)  for  two 


Z2* 

(12) 

V' 

(13) 

(lM 

(15) 

Upon  subtracting  equation  (13)  from  equation  (12), 

0  =  B  (tan  Og  -  tan  C£q)(z0'  -  z^  )'  (l6) 

Since  B  is  not  equal  to  zero,  and  z^'  is  not  equal  to  zr" ,  then  for 
the  right  member  of  equation  (l6)  to  be  equal  to  zero,  Og  must  equal 
0£q  or  differ  from  it  by  nn  radians,  where  n  is  an  integer.  Either 
condition  means  that  the  two  planes  are  parallel. 


Proof  of  Theorem  1 :  To  prove  the  theorem,  take  three  of  the  planes 
of  which  two  are  parallel  to  each  other  and  the  third  transverse. 

Since  distances  along  the  straight  line  trajectory  are  proportional 
to  the  times  required  by  the  missile  (point  missile)  to  traverse  those 
distances,  that  is 

D  =  V  (t  -  f), 
m 
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then  the  distance  along  the  straight  line  between  the  first  parallel 
plane  and  the  trancverre  plane  in 

“oi  ■  \  <‘i  -  lo>' 

If  the  transverse  plane  la  crossed  first,  then  the  times  must  be 
interch  inged,  since  distances  along  the  trajectory  are  taken  as 
positive.  The  distance  along  the  straight  line  trajectory  between 
the  transverse  plane  and  the  second  parallel  plane  is 

D  „  ■-=  V  ( t„  -  t  ) . 

it.  m  d  i 

Dividing  equation  (tH)  by  equation  (1.9),  and  using  equation  ( * ) . 

,  D0I  tl  -  'o 


where  k  Is  the  ratio  into  which  the  line  is  divided  by  the  transverse 
plane.  As  seen  from  equation  (PC')  this  ratio  can  be  determln  1  from 
the  times  of  pas  i  age  of  the  pluses  by  the  missile.  Using  the  lemma 
as  given  by  equation  (Li)  and  the  value  of  k  a»  glveq  by  equation  (20), 
It  Is  seen  that,  the  z  -  coordinate  of  a  point  on  the  straight  line  can 
be  determined  from  the  times  <?F  passage  of  the  pinner,,  A r,  y  is  rela¬ 
ted  to  s ^  ty  the  ceennd  t,r  equations  ft'),  then  can  also  be  found. 

Knowing  the  ^.-coordinate  of  u.  point  or.  the  trajectory,  it  Wnwn  n 
relative  ..Imple  matter  to  obtain  the  y-coordlnate .  Assume  that  the 
axes  of  the  detectors  In  a  given  plans,  which  are  parallel  to  each 
other,  make  an  angle  if  with  the  xz-piane.  Au  seen  ft  Cm  Figure  4, 

y  ■>  y"  *  j>  tun  tji, 

where  y"  ir.  the  coordinate  of  the  detector  that  observes  the  passage 
of  the,  missile  and  p  is  the  distance,  it.  the  piano  determined  by  the 
detector  axes,  from  the  xy -plane  to  the  point  of  pasisage,  Now 


where  tt  is  the  angle  which  the  plane  makes  with  the  yx- piano.  I/Ubfltl- 

tubing  the  value  of  u  from  equation  (Pll)  Into  equation  ({?!.), 

y  .  y"  ♦  z  ^rii  , 

J  J  coo  a 

which  ID  the  y- coordinate  of  the*  poo Lt Lori  of  pauo&^fc  r>f  &  given  plunk, 
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knowing  the  z-coordj natr  of  passage  and  the  y-coordlnate  of  the 
activated  detector.  Tnus  a  point  on  the  straight  .line  is  deter¬ 
mined,  knowing  the  times  of  passage  of  the  planes  and  the  position 
of  the  activated  detectors  in  the  transverse  plane. 


Using  the  two  parallel  planes  and  the  remaining  transverse 
plane,  a  second  point  on  the  trajectory  is  likewise  determined.  Thus 
to  determine  the  trajectory,  it  is  in  general,  necessary  and  sufficient 
to  have  at  least  four,  noncoincident  planes  parallel  to  the  y-axis  of 
which  two  are  parallel  to  each  other  and  the  r.  •'lining  two  are  trans¬ 
verse,  since  two  points  are  necessary  and  suffic'nt  to  determine  the 
position  of  a  straight  line. 


8.jJ  Second  Method  for  Determining  the  Trajectory 


The  basis  of  the  second  method  for  determining  the  target 
trajectory  is  the  relationship  existing  between  the  x-  and  y-coordinates 
of  each  position  of  passage  of  the  planer.  In  imnljclt  form .  this 
relationship  is 

f2(  x,y)  =  x  -  s  -  (y  -  y")  -g2_|  =  0  ,  (<*) 


which  is  obtained  by  eliminating  z  between  equation  (2'5)  and  the  general 
form  of  equations  (2).  The  second  method  may  be  summarized  in  the  fol¬ 
lowing  theorem: 


Theorem  li.  A  target  is  traversing  a  rectilinear  trajectory 
with  uniform  speed.  Trie  y-coOruinate  of  the  pOoitiOinOf  the  activated 
detectors  in  the  planes  and  the  times  of  passage  of  a  set  of  planes  are 
observed.  All  the  planes  of  the  set  are  parallel  to  the  y-axis.  To 
determine  the  trajectory  of  the  target,  it  is,  in  general,- necessary  and 
sufficient  to  have  the  set  of  planes  composed  of  at  least  four,  non- 
coincider  t  planec  for  which  two  of  the  planes  satisfy  the  condition: 

tan  tan  l|'  , 

- 21 - ±  =  0.  ( 

sin  a2  cin  aQ 


The  necessary  and  sufficient  condition  for  theorem  II  as  well  as 
lemma  II  is  illustrated  in  Figure  5-  As  with  theorem  I,  theorem  II  depend: 
upon  a  lemma  which  may  be  stated: 


Lemma  II.  Three,  noncoincident  planes,  parallel  to  the  y-axis, 
divide  a  transverse  line  into  a  given  ratio.  For  the  x-  and  z-eoordinates 
of  the  point  of  intersection  of  the  line  and  one  of  the  planes  to  Inde¬ 
pendent  of  the  x-  and  r.-.-ourd !  nates  of  the  points  of  intersection  of  the 
line  and  the  other  two  planes,  it  is  in  general,  necessary  and  sufficient 
for  the  two  planes  to  satisfy  the  condition: 
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tan  iL  tan  ijL 

- £ - £  o  I 

cin  c*2  sin  aQ 

Proof  of  Lemma  II.  (Refer  to  Figure  13).  Using  the  rela¬ 
tionship  between  the  x-  and  y-coordinates,  equation  (24), 

fg  <x/y)  ■■= x  - 6  -  (y  -  y”)  fsrf =  0> 


the  first  two  equations  of  equations  (l). 


,  x  -  x' 

X.  -  — - -  ,  p  = 


and  proceeding  as  with  lemma  I,  there  is  obtained 


v"  v"  h-k}  +  vM  k-a  HiJa  +  8  h+k)  tan  ^  -  s  k  taa-  fe. 
y0  yl  l1'  k'  y2  *  6C  sin  ct>  8lu+K;  sin  Oh  S2  sin  an 


^sin  0^  sin 


+  x2k 


tan  to  tan  jjio 
sin  On  ~  sin  On 


(W)  AsO L  . 

u  ;  Vsin  ai  sin  chq J 


Thus  it  is  seen,  for  and  z±  to  bs  independent  of  xg  and  consequent iy 
z2,  that  it  is,  in  general,  necessary  and  sufficient  for 

tan  %q  tan  jq  _  0  (29) 

sin  0(2  sin  0^ 

The  proof  of  theorem  II  is  similar  to  that  for  theorem  I.  By  using  the 
second  equation  of  equations (2)  with  equation  (28),  the  z^-coordinate  can 

be  obtained.  The  y.^  coordinate  is  obtained  by  substituting  the  value  of 

xx  from  equation  (28)  into  equation  (24).  The  coordinates  of  a  second  point 

on  the  line  are  obtained  by  using  a  fourth  plane  with  the  first  and  third 
planes . 

8.3.I  Special  Case  for  Determining  the  Trajectory. 

When  0^  =  Oq  and  sx  ->  sQ,  then  k  ->  0,  giving  for  equation 


y0  "  yl 

X1  =  c0  +  tan  tan 


sin  a,, 
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Substituting  x,  from  equation  (10)  into  equation  (?h) , 

-  y'i 

""  tan -  tan  ?3Jq  <an  +  yl  ’ 


(=51) 


the  imbBtltutlon  of  x,  into  the  second  equation  of  equations'  (:.*)  givia 


tan  -  tan 


O  011  (X. 


lilmt  lar  exprc^lons  can  be  written  foii-P^  u  (x(,  y^,  z^),  a  second 
point-  on 1 1  in  trajectory. 


-t. 4V.< 
-v.; 


pM  1  *1 


The  buclo  of  the  third  method  for  determining  the .  target 
trajectory  is  the  relationship  existing  between  the  y-  and  sr, -coordinates 
of  each  position  of  passage  of  the  planes.  in  Implicit  form,  this 
relationship  is 


(y>») 


y  -  y 


,  o. 


coo  a 


(W) 


which  In  obtained  by  rearranging  equation  (S3).  the  thirds  method, 
may  ho  cummarlzed  in  the  following  theorem! 


TTieorem  III.  A  target  Is  traversing  a  rectilinear  trajectory 
with  uni  form  uneedii  Jitv  y-eoord  1  nates  of  the  positions  of  the  activated 
detectors  in  the  pianos  and  the  times  of  passage  of  a  set  of  plates 
are  observed.  Ail  the  pluiico  of  the  set  are  parallel  to  the  y-axlo. 

To  determine  the  trajectory  of  the  target,  it  1b,  In  general,  necessary 
and  sufficient  to  have  the  set  of  planes  composed  of  .at  leeet  four, 
northol ne ldent  plan efi  of  which  two  of  the  planes  satisfy  the  condition! 

tori  tan  4l, 

-j-i£ - Hi- -  0.  r  (5M 

cos  <x,  cos  ou  .. 

1  ‘  0 

;/ 

The  neqtacary  and  sufficient  condition  of  theorem  III  as  well 
as  lemma  III  t a /illustrated  in  Figure  (>.  As  with  theorems  I  and  II, 
theorem  III  depends  upon  a  lemma  which  may  be  stated  thus: 


Lemma  III-  Tnrue,  noncol ncldent  planes,  parallel  to  the  y-axlo, 
divide  a  transverse  line  into  a  given  ratio.  For  the  x-  and  si-coordinates 
of  the  points  of  intersection  of  the  line  and  one  of  the  planes  to  be  Inde¬ 
pendent  of  the  x-  and  z-coordihutee  of  the  points  bf  intersection  of  the 
line  and  the  other  two  plant- c,  it  is  iri  general,  necessary  and  sufficient 
for  the  two  planes  to  satisfy  the  condition: 
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tan  ljr2  tan  ^ 


Proof  of  Lemma  III.  (Refer  to  Figure  13 ).  Using  the  rela¬ 
tionship  between  the  y-  and  z -coordinates ,  equation  (33) 

f  (y  z)  =  v-y”-z  iaSJt  =  0, 
r3  \y}z)  -  y  y  z  cos  a  ' 

the  second  and  third  equations  of  equations  (l), 


,  v  = 


z  -  z' 


and  proceeding  as  with  lemma  I,  there  is  obtained 


y"  ._  y»  (1+k)  +  k  y"  ¥2  _  YU 

-  yQ  Yl  U  ;  y2  COS  09  cos  gQ 

zl  ~  /tan  tL  tan  Z2  /tan  1  tan  fiTS 

'1+k^  /cos  “  cos  ay  (1+k/  cos  "  cos 


Thus  it  is  seen  for  z^  end  x^  to  be  independent  of  z2  and  consequently 
x2,  that  it  is,  in  general,  necessary  and  sufficient  for 

tan  tan  , 

- it - =  u.  (36 

cos  Og  cos  Oq 


The  proof  of  theorem  III  is  similar  to  uhut  of  theorem  I.  The  xi- 
coordinate  is  obtained  by  using  the  second  equation  of  equations  (2), 
and  the  y  -coordinate  is  obtained  by  substituting  zi  from  equation  (37) 
into  equation  (33).  The  coordinates  of  a  second  point,  =  (x^y^z^) 

are  obtained  by  using  a  fourth  plane  with  the  first  and  second  planes. 
8.4.1  Special  Case  for  Determining  the  Trajectory. 

When  =  Oq  and  s1  ->  s^,  then  k  — >  0,  giving 


Z  =  - XT—1 - 

1  tan  l}J^  -  tan 


COS  CXq. 


Substituting  z 1,  from  equation  (39j,  into  equation  (33), 

t!  II 

v  -  y"  +  IQ-JLJLl - __  tan  dr,  ; 

yl  yl  tan  tan  !po  ^1  ' 
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Substituting  z^  into  the  second  of  equations  (2), 


Similar  expressions  can  be  written  for  PT  j*  (xT,  y,,  z^),  a  second 
point  on  the  trajectory.  ' 

8.5 

For  the  general  case,  method  I  requires  only  two  rows  of  special 
detectors.  By  special  is  meant  that  the  detectors  are  bo  designed  that 
when  one  is  activated  its  position  is  known;  this  is  in  addition  to  ob¬ 
serving  the  time  of  activation.  The  other  two  rows  of  detectors  need 
observe  only  the  time  of  passage. 

The  special  cases  of  methods  II  and  III  are  identical.  These 
cases  require  two  coincident  rows  of  special  detectors  for  the  determin¬ 
ation  of  each  of  the  two  points  of  the  trajectory.  This  arrangement  can 
be  simplified  by  designing  the  detectors  to  observe  in  two  directions, 
which  are  the  tv?  different  angles  of  ijl  involved.  By  making  the  angles 
equal  in  magnitude,  out  opposite  in  sign,  the  amount  of  information  re¬ 
quired  to  be  analyzed  by  the  computer  is  reduced.  Thus  if  ^  =>  -  $0, 
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for  the  first  determined  point  on  the  trajectory.  If  ^  -  ty2, 

then 


for  the  second  determined  point  P^  on  the  trajectory. 


52  SECRET 

Thu  document  contains  Information  affectln*  the  nation*'  dofons*  of  tb*  United  Stats*  w*Mn  «•  moanlnaof  the  eeylwtu*  lawt.  tftto, 
1»  U.  S.  C,  791  and  79*.  It*  tranemlMlon  of  the  ror*C.«tkn  of  Its  content*  In  any  manno,  U  an  unauthorised  *er»o«  la  praMMted  by  lew. 


DISTRIBUTION 

i  -  3  Oi'vDTF  Attention:  Lt.  Col.  It.  II.  White 

4  aitOTH:  I!h1  llHtii  H  Section 

Jlrtr.  M.  C.  Milk*;1- 

5  "  v-’\  irrw 

A  bHitioit.  W.J,  Moruwnki 


6  -  7.  C  Smii  landing  Offii  or 
l'icatinny  Arnenul 
1  .  .'‘‘Over,  New  .Ter Hey 

Attention:  It.  Kurin  K.N,  (  lark 


j  2' 


i  $ 


1 4 

1  b 
if. 

17 

18 
10 
26 
21 
22 


t'o:iimun<ling  General  '!  ■' 

if v’i  a/- 

r,<r  f  rt^ 

lVi.fw.it  Arneiial 

Center  Cine,.  Mirhtgnn 

Atientloi  ■  >  C,  Suiter  M.  M  (chad  -mn 

Commanding  Officer 
fialltwlu  m  Re ne arch  laboratory  ■ 
Aberdeen  Proving  Ground*,  Maryland 
AtUvnSium  K.J.  Eichelbr rgrr 

t  oncvna  ruling  C iff l<  er 
N^vaf  Ordnance  laboratory 
r'efV'i'*1 ,  f'abfnrnl* 

A  '  tent  yon ;  Dr.  At*  hiuou 

Surnlia  ( ‘orporatluu 
Suodiu  jiune  i 

Albiuptei  inie,  N**w  Mexico 
At  tent  lit,  n:  S.  .  flight 


.fohnu  IfopkitiB  Univeruity  7 

Applied  Phynii  m  laboratory 

Silver  Spring,  Maryland  '  j 

Attention:  Dr.  F.  K.  Hill  / 

Kalvnus,  H.  B.  /  Van  Tramp,  J.H.  „  66.0  22  Guarino,  P ,  A. '20,  0 

Kohler,  M  W.,  2(1.0  24  ApHtein,  M. ,  40.  0 

Straub,  H.Wi,  51,1  /  2fl  Gcrwin,  H.L,  ,60.0 

Melamed,  L.  ,  51,1  2,0  Hu  mot*.  E.  ,  5jl,3 

Ulrich,  R. ,  51.  1  27  -  M  DOFL  Library/ 

Cru'/an,  O.  R. ,  51.5  20  -  31  Tech.  Infor,  Dr.  (Supply) 

Moore,  W,  ,  51.2  32  Tech.  Infor.  Br.  (Record)/ 

Arthaber,  J.  ,  51.2  3,3  Lab.  40  (Library) 

Raviteky,  C.  .  21.5  34  Tech.  Ref.  Section 

35  Ulrich/ Hinman,  01 

TWO  PAGES  OF  ABSTRACT  CARDS  FOLLOW 


53 


•iM 


firmed  services  ieohmca!  Informatioi 

ARLINGTON  HALL  STATION 
ARLINGTON  12  VIRGINIA 


m 


i  FOR 

4  MICRO-CARD 

A 

1  CONTROL  ONL1 


NOTICE:  WHEN  GOVERNMENT  OR  OTHER  DRAWINGS,  SPECIFICATIONS  OR  OTHER  DATA 
ARE  USED  FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECTION  WITH  A  DEFINITELY  RELATED 
GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILITY,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
|  GOVERNMENT  MAY  HAVE  FORMULA  TED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 

HAUL)  DHAWlMU),  ul*— un  i/aaa  io  nvi  aw  am,  REGARDED  ■*V 

IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  LICENSING  THE  BOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIOTS  OR  PERMISSION  TO  MANUFACTURE. 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELATED  TKBRETO. 


u~i~ 


I 


